Abstract. We explain how the approach of André and Quillen to defining cohomology and homology as suitable derived functors extends to generalized (co)homology theories, and how this identification may be used to study the relationship between them.
Introduction
After the cohomology of topological spaces was discovered in the 1930's, the concept was expanded to groups, and later to associative, commutative, and Lie algebras, in the 1940's and early 1950's. In the following decade the first generalized cohomology theories for spaces appeared (see [Mc2, Mas] ). All these examples started out in the form of explicit constructions, and only later were their theoretical underpinnings provided: in particular, cohomology for general algebraic categories was described by Beck and others in terms of triples (see [Be] , and compare [D1] ), and then by André and Quillen in terms of (non-abelian) derived functors (see [An, Q1] ). In the latter version, cohomology groups are the derived functors of Hom into a fixed abelian group object (and homology groups are the derived functors of abelianization).
However, for topological spaces the only abelian group objects are (products of) Eilenberg-Mac Lane spaces, which represent ordinary cohomology. Thus we need a different framework to describe generalized (co)homology: this is provided by stable homotopy theory (cf. [Br, Wh] ).
Our goal here is to provide a uniform definition for homology and cohomology encompassing the theories mentioned above, as well as some new ones. As a side benefit, we clarify exactly what assumptions on an (algebraic) category C are needed in order for the approach of André and Quillen to work. (This is the reason for the somewhat technical Section 3.)
The approach given here applies, inter alia, to:
(a) Homology and cohomology of groups and various types of algebras; (b) Versions of the above with local coefficients ( §4.1-4.2); (c) Unstable generalized (co)homology of spaces ( §5.7-5.10); (d) Generalized (co)homology of spectra and spaces ( §2.18); (e) Cohomology of operads, and of algebras over an operad ( §4.15); (f) Cohomology of diagrams of spaces or algebras ( §4.7).
The last two have applications to deformation theory (see [Mar1, MS2] and [GS1, GGS] , respectively).
The cohomology of sheaves has a dual definition to the one presented here here (see §4.17). Of course, there are other concepts of cohomology which do not fit into our framework; most notably, a number of versions of the cohomology of categories (see §4.16).
Representing cohomology.
In order to define a cohomology theory in a category C, we need a representing object G ∈ C, as well as a suitable model category structure on the category sC = C ∆ op of simplicial objects over C (see §2.7). However, in this generality Hom C (−, G) will take values in sets, and applying this functor to a simplicial resolution V • → X in sC just yields a cosimplicial set, for which we have no appropriate model category. It turns out that in order to get an interesting cohomology theory, two ingredients are generally needed:
• The category C must be enriched over a symmetric monoidal category V;
• The representing object G must have additional "algebraic" structure. We shall use the concept of a sketch -a straightforward generalization of Lawvere's concept of a theory -to describe this additional structure (see §1.1). In this language, we say that G is a Φ-algebra in C, for a suitable FP-sketch Φ. We also use sketches to describe the kind of algebraic categories to which our approach applies: this will allow us to treat operads and their algebras, for example, uniformly with the usual universal algebras.
• Note that the functor Hom C (−, G) now takes values in the category D of (cosimplicial) Φ-algebras in V. Our final requirement is that the above two ingredients must combine to make D into a (semi-) triangulated model category (see §2.2). The question we consider here is in some sense dual to that of Brown Representability in triangulated categories (cf. [CKN, F, K, N] ): rather than asking which cohomology functors are representable, we seek conditions for a representable functor to be a cohomology theory. 0.2. Examples. In the category of groups (where V = Set), with an abelian group G as the coefficients, the model category we consider is that of simplicial groups. The total left derived functor of Hom(−, G) then takes values in the semi-triangulated category of cosimplicial abelian groups (equivalently, cochain complexes).
On the other hand, for pointed simplicial sets or topological spaces (where V = S * ), we may take Φ = Γ, and Hom(−, G) takes values in Γ-spaces -again, a semitriangulated category.
Note that the category of spectra is triangulated (and enriched over itself), so we can take any spectrum G as coefficients.
Our original motivation for creating a joint setting for algebraic and generalized topological (co)homology theories was to try to gain a better understanding of the relationship between homology and cohomology. This is provided by a universal coefficients spectral sequence (see Theorem 6.12 below). We obtain a similar result for homology (Proposition 6.14), as well as "reverse Adams spectral sequences" (Theorems 6.17 and 6.18) relating homotopy to (co)homology. 0.3. Notation and conventions. The category of topological spaces is denoted by T , and that of pointed connected topological spaces by T * . The category of groups is denoted by Gp, that of abelian groups by Abgp, and that of pointed sets by Set * . For any category C, gr S C denotes the category of S-graded objects over C (i.e., diagrams indexed by the discrete category S), sC that of simplicial objects over C, and cC that of cosimplicial objects over C. The category of simplical sets will be denoted by S, that of reduced simplicial sets by S * , and that of simplicial groups by G. For any Z ∈ C, we write c(Z) • for the constant simplicial object determined by Z, and c(Z)
• for the constant cosimplicial object. If A is any abelian category, we denote the category of chain complexes over A by Ch(A); however, we write Ch R for Ch (R-Mod) , and similarly cCh R for cochain complexes of R-modules. 0.4. Organization. Section 1 provides background material on sketches, theories, and algebras over them. In Section 2 we give our abstract definition of homology and cohomology, in the context of suitable model categories. Abelian group objects in sketchable categories are described in Section 3, and these are used in Section 4 to define the (co)homology of Θ-algebras. Section 5 explains how generalized cohomologies fit into our framework, using Γ-spaces. Finally, the theory is applied in Section 6 to construct universal coefficient and reverse Adams spectral sequences in this general framework. 0.5. Acknowledgements. This paper is an outgrowth of joint work with George Peschke, in [BP] , and I would like to thank him for many useful discussions and insights. I also thank the referee for his or her helpful comments, and the Institut Mittag-Leffler (Djursholm, Sweden) for its hospitality during the period when this paper was completed.
Algebras and theories
As Lawvere observed (cf. [La] ), 'varieties of universal algebras' in the sense of Mac Lane (cf. [Mc1, V, 6] ) can be corepresented by functors out of a fixed category Θ. This idea was later generalized by Ehresmann to sketches (see [BE] ), which turn out to be the most convenient language to describe both the algebraic categories we work in, and the representing objects for cohomology.
1.1. Definition. A sketch Θ, P, I is a small category Θ with distinguished sets P of (limit) cones and I of (colimit) cocones. In particular, a finite product (FP-)sketch is a sketch in which P consists only of finite products (and I = ∅). A theory is an FP-sketch Θ containing a zero object, for which P consists of all finite products.
We think of a map f : ϑ 1 × . . . × ϑ n → θ in Θ as corepresenting a (possibly graded) n-ary operation. A theory Θ is sorted by a set S ⊆ Obj Θ if every object in Θ is uniquely isomorphic to a finite product of objects from S (see [Bor, §5.6 
]).
Lawvere originally considered only theories sorted by {1}, so that Obj(Θ) = N,
If Θ is an FP-sketch and C is any pointed category, a Θ-algebra in C is a pointed functor X : Θ → C which preserves all products in P. More generally, if Θ is any sketch, a Θ-algebra X : Θ → C is required to preserve all distinguished limits (in P) and colimits (in I). The category of Θ-algebras in C is denoted by Θ-C; a Θ-algebra in Set * will be called simply a Θ-algebra, and we write Θ-Alg for Θ-Set * . We call a category D sketchable if it is equivalent to Θ-Alg, and say that Θ sketches D. Such categories are accessible, in the sense of model theory, as well as being locally presentable (see [AR, Cor. 2.61 & 1.52]) . A map of theories (or of sketches) ψ : Θ → Θ ′ is a functor which preserves all products (respectively, all distinguished limits and colimits). Such a map ψ induces a functor ψ * : Θ ′ -Alg → Θ-Alg.
More generally, if Θ is a theory (or FP-sketch), a Θ-algebra in any symmetric monoidal category V, ⊗, I (cf. [Bor, §6.1] ) is a functor X : Θ → V taking the (distinguished) products in Θ to ⊗-products in V, with X( * ) = I.
1.2.
Remark. Since we can think of a Θ-algebra X in C as a certain kind of diagram in C (with specified products), we see that Hom C (−, X) takes values in Θ-Alg. More generally, if C is enriched over a symmetric monoidal category V, ⊗, I via map C (cf. [Bor, §6.2] ), and map C (A, −) takes products to ⊗, then map C (−, X) take values in Θ-V.
Examples. (a)
The category of groups is sketched by a theory G, with µ : 2 → 1 representing the group operation, ρ : 1 → 1 the inverse, and e : 0 → 1 the identity (satisfying the obvious relations). Similarly, the category of abelian groups is sketched by a theory A (with the same maps, satisfying a further relation) and the inclusion i : G ⊂ A induces the inclusion of categories Abgp ⊆ Gp.
is an O-algebra in a symmetric monoidal category V, ⊗, I , where O is a "universal" theory for operads. Similarly, an algebra over the operad Γ (see [May2, §14] ) is just a Θ Γ -algebra in V, ⊗, I , where the theory Θ Γ is obtained from Γ in the obvious way (replacing ⊗ with ×). The same applies more generally to PROP's, colored operads, and other variants (see [MSS] for a survey on operads, especially in the algebraic context).
(c) Given a topological space X, let U denote the directed set of non-empty open sets in X, with inclusions -so that U op sketches presheaves of sets. By adding arbitrary formal coproducts α∈A U α for any collection {U α } α∈A in U, we obtain a categorŷ U , in which the diagram;
is a coequalizer (if the first term is empty, κ is an isomorphism).
If we now let Θ U :=Û op (sorted by U), with P consisting of the opposites of the formal coproducts and of all the coequalizers (1.4) (and I = ∅), we obtain a sketch whose algebras F : Θ U → Set are sheaves of sets on X. Furthermore, for any V ∈ U, if:
there is a natural isomorphism Hom Θ U -Alg (C V , F ) = F (V ).
1.5. Definition. Given a theory X, an X-theory (or sketch) Θ is one equipped with a map of theories (or sketches) ψ : S X → Θ which is bijective on objects, where the coproduct is taken in the category of theories (or sketches) over some index set S. If X is sorted by {1}, an X-structure at an object c in a category C is an X-algebra ρ : X → C with ρ(1) = c. A theory Θ sorted by S is an X-theory if and only if it is equipped with an X-structure at each s ∈ S.
If all other maps of Θ commute with those coming from ψ, we call Θ a strong X-theory (or sketch).
1.6. Example. If Θ is a G-theory, then the map of theories ψ : S G → Θ induces an "underlying S-graded group" functor ψ * , which we denote by V : Θ-Alg → Gp S = S G-Alg. Θ is a strong G-theory if all the operations in Θ are homomorphisms of the underlying graded group. 1.7. Free Θ-algebras. For any theory Θ, let Θ δ denote the discrete theory with the same objects (and products) as Θ. If Θ is sorted by S, Θ δ sketches the category of S-graded sets, and the inclusion I : Θ δ ֒→ Θ induces the forgetful functor U = U Θ : Θ-Alg → Θ δ -Alg. As usual, there is a free functor F = F Θ : Θ δ -Alg → Θ-Alg left adjoint to U Θ . We denote by F Θ the full subcategory of Θ-Alg whose objects are free (that is, in the image of F Θ ).
Since all limit-sketchable categories are locally presentable, they are complete (see, e.g., [AR, Theorem 1.46] ) and cocomplete. Thus for any theory Θ, the category Θ-Alg of Θ-algebras has all limits and colimits.
If Θ is a theory (sorted by S) and Φ is another theory (singly sorted, for simplicity), the category Φ-Θ-Alg of Φ-algebras in Θ-Alg is sketched by a theory Φ(Θ) (sorted by S), defined as follows:
(a) We first add an S-graded copy of Φ to Θ, setting Θ Φ := Θ ∪ S S Φ, so that we now have each operation of Φ acting on each θ ∈ S. The inclusion i : Θ ֒→ Θ Φ induces a forgetful functor i * : Θ Φ -Alg → Θ-Alg. (b) Next, we force all operations of Θ to commute with the new operations -that is, for each f : θ 1 → θ 2 in Θ and g : n → k in Φ, we require that
commute, so we obtain a quotient of theories q :
By construction Φ(Θ)-Alg ∼ = Φ-Θ-Alg. Note that q * and i * commute with the underlying S-graded set functors U Θ , U Θ Φ , and U ΦΘ , which create all limits in their respective categories, so q * and i * commute with all (small) limits. Thus by [Bor, Theorem 5.5.7] each has a left adjoint. The adjoint of the composite i * • q * : Φ-Θ-Alg → Θ-Alg will be called the Φ-localization of Θ-Alg, and denoted by L Φ : Θ-Alg → Φ-Θ-Alg.
1.9. Remark. Note that given G in Φ-Θ-Alg, by Remark 1.2 Hom Θ-Alg (−, G) has a natural structure of a Φ-algebra. Furthermore, if i * • q * is a faithful embedding of categories (which will happen if Θ is a Φ-theory, for example), then L Φ is idempotent and any Φ-algebra in Θ-Alg is in the image of L Φ , up to natural isomorphism. Thus Hom Φ-Θ-Alg (−, −) has a natural structure of a Φ-algebra, in this case. By mimicking the construction of A × B → A ⊗ B for abelian groups, one can then make Φ-Θ-Alg into a closed symmetric monoidal category (see [Bor, §6.1.3] ).
Generalized homology and cohomology
We are now able to give a definition of homology and cohomology for model categories, somewhat more general than Quillen's original approach (cf. [Q1, II, §5]):
The target of a cohomology functor should be a model category whose homotopy category is triangulated. There are a number of variants of this concept, originally due to Grothendieck. For our purposes, a triangulated category is an additive category C equipped with an automorphism T : C → C (called the translation functor), and a [Ho, Ch. 7 ] (see also [HPS] ). Thus, the motivating example of a triangulated category is the homotopy category of (unbounded) chain complexes over an abelian category A. Another example is provided by Boardman's stable homotopy category ho Spec (cf. [V] ), where there are a number of different underlying stable model categories (see [HSS] , [Sc1] , or [EKMM] ). The subcategoryĈ of non-negatively graded chain complexes is semi-triangulated; if A has a projective generator P , then K(P, 0) (the chain complex with P concentrated in degree 0) is a generator forĈ.
Similarly, the homotopy category of connective spectra, ho Spec (0) , is semi-triangulated (with generator S 0 ).
2.4.
Cohomology. In order to define cohomology functors on a model category E, we assume that E is equipped with: (a) An FP-sketch Φ and a category V such that V and Φ-V are symmetric monoidal, E is enriched over V via map E (−, −) :
An FP-sketch Φ and a model category structure on Φ-V for which ho Φ-V is semi-triangulated. Then for any G ∈ Φ-E, we define the cohomology of X ∈ E with coefficients in G to be the total left derived functor L map E (−, G) of map E (−, G), applied to X. Recall that total left derived functor of a "left exact" functor F : C → D between model categories is defined by applying F to a cofibrant replacement of X (see [Q1, I, §4] or [Hi, 8.4] ).
If ho Φ-E has a set of generators P, then the P-graded group H n (X;
is called the n-th cohomology group of X with coefficients in G.
2.5. Homology. To define homology, we need also a homotopy functor A Φ : E → Φ-E equipped with a natural isomorphism map E (E, X)
2) for E ∈ E and X ∈ Φ-E. We then define the homology of X ∈ E to be the total left derived functor of A Φ , applied to X ( §2.4). Again the n-th homology group of X is:
If Φ-E is a symmetric monoidal model category (see [Ho, §4.2 .6]), with Hom(−, Y ) right adjoint (over Φ-V) to −⊗Y , then for any G ∈ Φ-E, homology with coefficients in G is the total left derived functor of A Φ (−)⊗G (assuming A Φ E is always cofibrant). The homology groups H n (X; G) are defined as above. Compare [BB, I] .
2.6. Example. If E = V = S * (or T * ) and Φ = A, then Φ-C ∼ = Φ-V ∼ = sAbgp and G is a (generalized) Eilenberg-Mac Lane space, so we have ordinary cohomology. The functor A Φ : E → Φ-C is the usual 'abelianization' X → ZX, which yields ordinary (singular) homology.
Resolution model categories.
To provide a uniform treatment of the various kinds of (co)homology it will be convenient to use a framework originally conceived by Dwyer, Kan and Stover in [DKS] under the name of "E 2 model categories", and later generalized by Bousfield (see [Bou, J] .
Recall that the concept of a model category was introduced by Quillen in [Q1] to allow application of the methods and constructions of homotopy theory (of topological spaces) in more general contexts. This is a category C, equipped with three distinguished classes of morphisms -weak equivalences, cofibrations, and fibrationssatisfying certain axioms (analogous to those which hold for the corresponding classes in T ). See [Hi] or [Ho] for further details.
Let C be a pointed cofibrantly generated right proper model category (cf. [Hi, 7.1, 11 .1]), equipped with a set M of cofibrant homotopy cogroup objects in C, called models (playing the role of the spheres in T * ). Let Π M denote the smallest full subcategory of C containing M and closed under coproducts, and suspensions (cf. [Q1, I, §3] ). For any X ∈ C, M ∈ M, and
The resolution model category structure on sC determined by M is now defined by declaring a map f : X → Y to be:
(i) a weak equivalence if π M,k f is a weak equivalence of M-graded simplicial groups for each k ≥ 0; (ii) a cofibration if it is a retract of a homotopically M-free map; (iii) a fibration if it is a Reedy fibration (cf. [Hi, 15.3] ) and π M,k f is a fibration of simplicial groups for each M ∈ M and k ≥ 0.
2.9.
Remark. The resolution model category sC is simplicial (cf. [Q1, II, §1] , and is itself endowed with a set of models, of the formM := {S n ⊗ M | M ∈ M, n ∈ N}, where S n ∈ S is the simplicial sphere.
2.10. Examples. Typical resolution model categories include the following: (i) When C = Gp, let M := {Z}, so Π M is the subcategory of all free groups. The resulting resolution model category structure on the category G = sGp of simplicial groups is the usual one (see [Q1, II, §3] ).
, a graded set, indexed by the discrete sketch Θ δ , consisting of a single element in some degree). In this case Π M ∼ = F Θ , and the model category on sΘ-Alg is that of [Q1, II, §4] 
is the homotopy category of wedges of spheres. In this case the model category of simplicial spaces is the original E 2 -model category of Dwyer, Kan and Stover (cf. [DKS] ).
2.11. Remark. The above discussion is also valid if we work in the comma category Θ-Alg/X (cf. [Mc1, II, 6] ), for a G-theory Θ and some fixed Θ-algebra X. In fact, any p :
Therefore, Θ-Alg/X can be sketched by a theory Θ/X, sorted by U Θ X = {φ x | x ∈ U Θ X}. Note that Θ/X is a G-sketch over X in the sense that it has G-structures of the form:
for every θ ∈ Θ and x 1 , x 2 ∈ U Θ Xθ (and similarly for other morphisms in Θ).
Equivalently, we can equate the discrete theory Θ/X δ with Θ δ -Alg/U Θ X, and use the adjointness of (F Θ , U Θ ) to define an adjoint pair:
We can then take the monogenic free Θ-algebras F ′ Θ /X (cf. §2.10(ii)) as our models, and obtain a resolution model category structure on s(Θ-Alg/X). In particular, any free resolution V • → X in sΘ-Alg is also a resolution (cofibrant replacement) in s(Θ-Alg/X).
2.12.
A simplicial version of (co)homology.
In order to make the abstract description of (co)homology given in §2.4-2.5 more concrete, it is convenient to formalize the ingredients needed in the following:
(1) A model category C, enriched via map C (−, −) over a symmetric monoidal category V. (2.14)
2.15. Definition. Given a cohomological setting C, M, V, Φ, A Φ , take E := sC, with the resolution model category structure defined by M. Then for any object X and Φ-algebra G in C, the cohomology of X with coefficients in G is the total left derived functor of map C (−, G), applied to X. The n-th cohomology group of X with coefficients in G is the M-graded group:
2.16. Definition. For C, M, V, Φ, A Φ as above, note that A Φ M is a homotopy cogroup object in Φ-C for each M ∈ M, so we have a resolution model category structure on sΦ-C determined by the set of models
Define the homology of X to be the total left derived functor of A Φ applied to X. The n-th homology group of X ∈ C is the M-graded group:
(For this part of the definition we only require that Φ-C be enriched over itself via Hom -we do not need the symmetric monoidal structure.) If G ∈ Φ-C, we define the n-th homology group of X with coefficients in G to be:
2.17. Example. The simplest example is when C = Gp (with M = {Z} as on §2.10(i)), Φ = G (or A), and V = Set, so Φ-C ∼ = Φ-V ∼ = Abgp. In this case Φ-C ∼ = Abgp, so the category cΦ-C of cosimplicial Φ-algebras in C is equivalent to the category of cochain complexes. Thus K(Z, n) (a cochain complex concentrated in degree n) corepresents the n-th cohomology group of a cochain complex (n ∈ N). This yields the usual cohomology groups of a group X with coefficients in an abelian group G (as a trivial X-module).
The functor A Φ : Π M → Φ-C is the abelianization Ab : Gp → Abgp, and the closed symmetric monoidal structure Abgp, ⊗, Z, Hom Abgp yields the usual homology of groups.
2.18. Example. Another simple example is provided by a symmetric monoidal category of spectra, such as the symmetric spectra of [HSS] , or the S-modules of [EKMM] .
In the latter version, for example, we take E = M S , with the symmetric monoidal smash product ∧ S , and the internal function complexes F S (−, −) ∈ V = E (cf. [EKMM, II, 1.6] ). Since ho M S is the usual stable homotopy category, it is triangulated, with generator S. Thus we can take Φ = * to be the trivial FP theory, any S-module M yields a cohomology theory F S (−, M), and A Φ : E → Φ-E is the identity. Similarly if E = M R for some S-algebra R.
2.19. Remark. These definitions may appear somewhat convoluted; they have been set up to describe both the algebraic and (generalized) topological theories in a uniform way, as appropriate derived functors. Note that in general the total homology and cohomology functors, as well as the homology and cohomology groups, take values in different categories.
Theories and Abelianization
In this section we describe the necessary background for defining (co)homology in a category C = Θ-Alg of Θ-algebras. Most of it should be familiar from the case C = Gp, and the generalizations of Beck and Quillen for algebras (see [Be, Q3] ); however, it seems that the literature lacks a full description in this generality. We start with the concept of (abelian) group objects, which are to play the role of Φ-algebras in C.
3.1. Group objects. In general, for a sketchable category C = Θ-Alg we do not expect any enrichment beyond V = Set; so the natural choice for a cohomological setting is Φ = A.
Recall that an (abelian) group object structure on an object G in a category C is a natural (abelian) group structure on Hom C (X, G) for all X ∈ C -in other words, a lifting of the functor Hom C (−, G) from Set to Gp (or Abgp); this is equivalent to a G-(resp., A-) structure at G.
3.2.
Remark. Note that if C = Θ-Alg for some G-theory Θ, any group object structure on G commutes with the underlying (graded) G-structure, so that the two necessarily agree and are commutative. In particular, in this case a Θ-algebra can have at most one (necessarily abelian) group object structure. This is of course not true for general C (as is shown by the example of sets).
3.3. Abelianization of Θ-algebras. If Θ is any theory (sorted by S), the category of abelian group objects in Θ-Alg is sketched by the theory Θ ab := AΘ of §1.8. We call the A-localization L A : Θ-Alg → Θ ab -Alg the abelianization functor for Θ, and denote it by A Θ . Note that A Θ (F Θ T ) = F Θ ab T .
Examples.
(a) When Θ is a G-theory, Θ ab := G(Θ), by Remark 3.2, and we can take Θ G := Θ in §1.8, so q : Θ → → Θ ab is a quotient of theories, and q * is simply the inclusion of the full subcategory of abelian Θ-algebras in Θ-Alg (cf. [BP, §2.8]) . Note that by Remark 1.9 we can then make Θ ab into a closed symmetric monoidal category. (b) On the other hand, if Θ = Θ δ , then Θ ab = Θ A sketches S-graded abelian groups, q * : Θ ab -Alg → Θ-Alg is the forgetful functor U : gr S Abgp → gr S Set, and its left adjoint A Θ is the free graded abelian group functor.
3.5. Θ-algebras over X.
We now show how the above discussion extends to the category Θ-Alg/X of Θ-algebras over a fixed object X (see §2.11). First, we need a: 3.6. Definition. If Θ is any theory and X ∈ Θ-Alg, then:
(a) An X-algebra is an object K in Θ-Alg equipped with mapsf :
If we want K ⋊ X to be a group object in Θ-Alg/X, we must require more. From now on, let Θ be a G-theory (sorted by S), and X a (fixed) Θ-algebra.
3.7.
Definition. An X-module is an X-algebra K which is an abelian group object in Θ-Alg, such that for each fixed x ∈ X(ϑ), eachf (−, x) :
is additive (in the sense that it commutes with the given abelian group structure). The category of X-modules will be denoted by X-Mod (see [Be, §3] ).
3.8. Remark. In this case the underlying S-graded group V K is an S-graded V Xmodule in the traditional sense (a module over the graded group ring Z[V X]), and the group operation at each θ ∈ Θ is given by m θ ((k, x) , (ℓ, y) = (k + x · ℓ, xy), as usual.
3.9. Definition. Assume that p : Y → X is a map of Θ-algebras, and K is an X-module. A function ξ : Y → K (preserving the products of Θ) will be called a derivation with respect to p if ξ(Y (f )(y)) =f (ξ(y), p(y)) for any f : ϑ → ϑ ′ in Θ. The set of all such will be denoted by Der p (Y, K). In particular, a derivation with respect to Id X will be called simply a derivation, and Der(X, K) := Der Id (X, K).
3.10. Remark. Note that this holds in particular for f = m θ : θ × θ → θ, so that by Remark 3.8:
Thus ξ is a derivation (crossed homomomorphism) with respect to the G-structure.
Furthermore, Der p (Y, K) is an abelian group (under the addition of K), and any map of X-modules α :
The following results do not appear in this form in the literature, but their proofs are straightforward generalizations of the corresponding (classical) results for groups (see, e.g., [Be, [3] [4] and [R, §11.1]).
3.11. Proposition. Any group object structure on p : Y → X in Θ-Alg/X is necessarily abelian. Moreover, K := Ker(p) is an X-module, with Y ∼ = K ⋊ X, and for some derivation ξ :
Conversely, for any X-module K and derivation ξ : X → K, the above formulas make K ⋊ X into an abelian group object over X.
3.12.
Corollary. There is an equivalence of categories ℓ * G-(Θ-Alg/X) → A-(Θ-Alg/X), induced by the quotient map ℓ : G ֒→ A.
3.13. Lemma. Any homomorphism φ : K ⋊ X → L ⋊ X between group objects over X (with group operations determined by σ ∈ Der(X, K) and τ ∈ Der(X, L), respectively) is of the form φ(k, x) = (α(k) + ξ(x), x), where α : K → L is a homomorphism of X-modules and ξ := α • σ − τ .
In particular, any two group object structures over X on the semi-direct product K ⋊ X are canonically isomorphic, so we deduce: 3.14. Proposition. The functor λ : X-Mod → A-(Θ-Alg/X), defined λ(K) := K ⋊ X (with the group operation map determined by the zero derivation), is an equivalence of categories, with inverse κ : A-(Θ-Alg/X) → X-Mod which assigns to an abelian group object p : Y → X the X-module Ker(p).
3.15. Remark. Since the forgetful functor U = U Θ : Θ-Alg → Θ δ -Alg is faithful, for any Θ-algebra Y and semi-direct product K ⋊ X ∈ Θ-Alg we have:
(3.16) Thus given p : Y → X, we can write any map φ : Y → K ⋊ X over X in the form φ(y) = (α(y), p(y)), and the requirement that φ be a map of Θ-algebras means that α : F Θ T → K is a derivation with respect to p ( §3.9), so in fact:
as abelian group (once we choose a fixed group structure on K ⋊ X).
Three special cases should be noted: (a) For p = Id : X → X, we see that Der(X, K) is the space of sections for
On the other hand, by Lemma 3.13 any map of X-modules α : L → K induces a homomorphism of group objects φ = λ(α) : L ⋊ X → K ⋊ X (where we use the zero derivation to define the group structures on the semi-direct products). Thus in fact:
as abelian groups. (c) If Y = F Θ T is free, then by adjointness we actually have equalities of sets:
where W : X-Mod → Θ-Alg is the forgetful functor. In particular:
as sets (though this identification is not natural in the full subcategory F Θ in Θ-Alg).
3.20. Abelianization over a Θ-algebra.
Recall from §2.11 that for a fixed Θ-algebra X, Θ-Alg/X can be sketched by Θ/X (sorted by U Θ X). Similarly, A-(Θ-Alg/X) can be sketched by AΘ/X, obtained from Θ/X as in §1.8 by adding:
(a) a section -i.e., constants in each φ x (in the notation of §2.11); (b) group structure maps µ : φ x × φ x → φ x and ρ : φ x → φ x , satisfying the obvious identitites. Again the map of theories i : Θ/X ֒ → AΘ/X induces the forgetful functor i * : A-(Θ-Alg/X) → Θ-Alg/X, with an adjoint A Θ/X : Θ-Alg/X → A-(Θ-Alg/X) called the abelianization of Θ-Alg/X. This is needed in order to define homology for Θ-algebras (see §4.2 below).
Note that the category X-Mod can also be sketched by an A-theory Θ X , obtained from Θ ab ( §3.3) by adding operations x · (−) : θ → θ for each x ∈ U Θ X, satisfying the obvious identitites. The inclusion j : Θ ab ֒→ Θ X induces the forgetful functor j * : Θ X -Alg → Θ ab -Alg. If we define κ : Θ-Alg/X → Θ-Alg as in Proposition 3.14, we obtain the commutative outer diagram:
in which the horizontal arrows are forgetful functors (and q
Note that by (3.19), the abelianization functorÂ Θ/X takes any free Θ-algebra p : F Θ T → X over X to the corresponding free X-module F Θ X T ∈ Θ X -Alg = X-Mod. Moreover, for any ϕ ∈ Der p (F Θ T, K) (determined by ϕ(t i ) = k i ∈ K for t i ∈ T ), the correspondingφ ∈ Hom X-Mod (F Θ X T, K) is also determined by requiring that ϕ(t i ) = k i . Now assume given a map ψ :
3.21. Remark. Evidently, the discussion of abelian group objects and abelianization over a Θ-algebra X extends the absolute case of §3.1ff., taking X = 0. More generally, K will be called a trivial X-module iff (k, x) = f (k) for every f ∈ Θ ( §3.6) -so that K is simply an abelian Θ-algebra, K ⋊ X is the product in Θ-Alg, and a derivation into K is just a map of Θ-algebras.
(Co)homology of Θ-algebras
André (in [An] ) and Quillen (in [Q1, II, §5] and [Q3, §2] ) defined homology and cohomology groups in categories of universal algebras. Quillen also showed how this generalized the earlier definition of triple cohomology (see [Be, §2] ). We now indicate briefly how this definition fits into the setup of §2.4.
Cohomology of Θ-algebras.
Let Θ be a G-theory, and C := Θ-Alg (or Θ-Alg/X for a fixed Θ-algebra X), with the resolution model category structure on sC described in §2.10(ii) (or §2.11).
As in Example 2.17, here V = Set, so we must take Φ = A (or equivalently, by Corollary 3.12: Φ = G), since cosimplicial sets do not have any useful model category structure (see however [Bou] ). Thus if G is an abelian group object in C, and V • → Y is a free simplicial resolution (cofibrant replacement in sC), then the cosimplicial abelian group W
• := Hom C (V • , G) corresponds under the Dold-Kan equivalence (cf. [DP, §3] and [We, 9.4 Remark 3.15 shows that these can be thought of as usual as the derived functors of Der(−, G), in the case C = Θ-Alg/X, and as Ext i (Y, G) in the case C = Θ-Alg ( §3.21). This identification has been the basis for a number of definitions of cohomology in various topological settings -see, e.g., [MS2] , and the survey in [BR] .
4.2. Homology of Θ-algebras. In this situation one can define the homology of a Θ-algebra Y as the total left derived functor of abelianization A Θ : Θ-Alg → Θ ab -Alg ( §3.3), which takes values in the category sΘ ab -Alg of simplicial Θ ab -algebras (as usual, we only need to evaluate A Θ on F Θ , so LA Θ actually takes values in sF Θ ab ). Since Θ ab -Alg is an abelian category (with enough projectives, namely: F Θ ab ), sΘ ab -Alg is equivalent to the stable model category Ch(Θ ab ) of chain complexes over Θ ab , and the homology groups [
The same holds for Y ∈ Θ-Alg/X: using §3.20, we may define H i (Y /X) as the i-th derived functor of A Θ X : F Θ /X → (Θ-Alg/X) ab , taking values in (Θ-Alg/X) ab -or equivalently (Proposition 3.14) in X-modules. For groups, H * (G/G) is the homology of G with coefficients in Z [G] . For a pointed connected space X with G = π 1 (X, x), H * (X/BG) is the homology of X with coefficients in the local system Z[G].
Definition.
To define homology of Y → X with coefficients in an arbitrary X-module G, we need a monoidal structure on X-Mod ∼ = (Θ-Alg/X) ab , induced via the adjoint pair Θ X -Alg
from the usual monoidal structure (Θ δ -Alg, ×) of Cartesian products of graded sets. More precisely, define ⊗ :
The 0-th derived functor in the second variable defines F Θ X T ⊗ G for any Θ X -algebra (X-module) G; and the n-th left derived functor of A Θ X (−) ⊗ G (in the first variable) is by definition H n (Y /X; G).
4.4.
Example. When Θ = G, a free simplicial resolution V • of a group G in sGp is actually a cofibrant model for the classifying space BG (in S * ). Applying the functorÂ Θ/X of §3.20 to V • dimensionwise yields a model for the chains on the universal contractible G-space EG (since conversely, taking the free Z-module on the bar construction model for EG and dividing out by the free G-action yields ZBG, so ZEG ≃ Z[G]V • ). Taking homotopy groups of Z[G]V • is the same as taking the homology of the chain complex corresponding to ZEG, which is just H * (G; Z[G]).
4.5.
Remark. Note that the previous discussion actually defines homology and cohomology for any simplicial Θ-algebra Y • , not only for the constant ones. Moreover, if Θ = G, the adjoint pairs of functors:
induce equivalences of the homotopy categories of pointed connected topological spaces, reduced simplicial sets, and simplicial groups. Here | − | is the geometric realization functor, S is the singular set functor,W is the Eilenberg-Mac Lane classifying space functor, and G is Kan's loop functor (cf. [May1, §26.3] and [Q1, I, 4 & II, 3] ). Thus Quillen's approach provides an algebraic description of ordinary homology and cohomology of spaces (with local coefficients). Note, however, the shift in indexing: in particular, we lose H 0 , since we can deal only with connected spaces from this point of view.
There is also an algebraic model for not-necessarily-connected spaces due to Dwyer and Kan, using simplicial groupoids (see [GJ, V, §5] ), and Quillen's approach, as well as much of the discussion here, carries over to that setting (compare [D2] ). However, in order to avoid further complicating the description, we restrict attention here to simplicial groups. 4.7. Diagrams of Θ-algebras. If D is a small category and Θ is a G-theory, there is a model category structure on the functor category sΘ-Alg D , and the objectwise descriptions of abelian group objects and abelianization (for each d ∈ D) provide definitions of (co)homology for diagrams of Θ-algebras, too (see [BJT, §4] for the details).
Moreover, even for C = Θ-Alg or Θ-Alg/X, we can allow our coefficients to be diagrams G : D → A-Θ-Alg of abelian group objects (or X-modules). This enables us to treat a map such as Z → → Z/p (reduction mod p), say, as the coefficients for a cohomology theory (rather than a natural transformation). In particular, we can apply any general machinery, such as universal coefficient theorems, to H * (−; G), too.
Spherical model categories.
When C = Θ-Alg for some G-theory Θ, the resolution model category sC (and the models M = F ′ Θ -cf. §2.10(ii)) will have additional useful structure which is familar to us from topological spaces:
1. For any n ≥ 1, π M,n (−) is naturally an abelian group object over π M,0 (−). 2. Each V • ∈ sC has a functorial Postnikov tower of fibrations:
as well as a weak equivalence r :
• is an isomorphism for k ≤ n, and zero for k > n. 3. For every Θ-algebra X, there is a classifying object BX with BX ≃ P 0 BX and π M,0 BX ∼ = X, unique up to homotopy. 4. Given a Θ-algebra X and an X-module G, there is an extended G-EilenbergMac Lane object E = E X (G, n) in sC/X for each n ≥ 1, unique up to homotopy, equipped with a section s for p (0) : E → P 0 E ≃ BX, such that κπ M,n E ∼ = G as X-modules; and π M,k E = 0 for k = 0, n. If G is a trivial X-module ( §3.21), we write simply E(G, n). 
Thus by adjointness for any V • ∈ sΘ-Alg we have:
so that the group π M,n X (induced by the homotopy cogroup structure of S n ) is the usual n-th simplicial homotopy group of the graded simplicial group U Θ V • in the appropriate degree.
This works also in sΘ-Alg/X: more precisely, π M,n V • as defined above is an abelian group object in Θ-Alg/π M,0 V • , and applying κ of Proposition 3.14 yields a π M,0 V • -module, whose underlying S-graded set is π n U Θ V • (see [BP, §4.14] ).
4.10. Cohomology in sΘ-Alg. It may appear more natural to take as a representing object an abelian group object in the model category sΘ-Alg itself. In most cases this will yield no new cohomology groups, but it will enable us to define, and in some cases compute, the primary cohomology operations -as we do for topological spaces (see, e.g., [P] ).
The obvious examples are those of the form E(G, n) as above (or E X (G, n) in sΘ-Alg/BX, if we want local coefficients). In most cases of interest -including T * , S * , G = sGp -the only objects in A-sΘ-Alg are products of the above. Furthermore, since E(−, n) : A-Θ-Alg → sΘ-Alg is a functor, we can define an Eilenberg-Mac Lane diagram E(G, n) for any diagram G : D → A-Θ-Alg as in §4.7.
Thus for any cofibrant W • in sΘ-Alg and coefficients M ∈ A-Θ-Alg D , for each n ≥ 1 we define the n-th cohomology group of W • with coefficients in G, denoted by H n (W • ; G), to be the set of components of map(W • , E(G, n)) (which is a D-diagram of simplicial abelian groups, so the components constitute a D-diagram of abelian groups).
Again, there is also a local version, for G in Θ-Alg/X or M : D → A-Θ-Alg/X, yielding:
4.11. Proposition. If Θ a G-theory, X is a Θ-algebra, and G is in A-(Θ-Alg/X), then cohomology with coefficients in G as defined in §4.1 is naturally isomorphic to that defined in §4.10.
Proof. Let K be the X-module corresponding to G = K ⋊ X, so E • := E X (G, n) is of the form E(K, n) ⋊ X, where E(K, n) is obtained from the analogous chain complex (over X-Mod) by the Dold-Kan equivalence (cf. [May1, p. 95] ). Thus:
(where M i E • is the i-th matching object -see [BK, X, §4.5] or [BJT, §2.1]) , with the differential:
Let W • be a free simplicial object in sC, with ε : W 0 → X inducing π 0 W • ∼ = X (for example, W • could be a resolution of X). From (4.12) and (4.13) we see that Hom sC/X (W • , E • ) is naturally isomorphic to the subgroup of Hom C/X (W n , K ⋊ X) consisting of maps f : W n → K ⋊ X (over X) for which f • d i is the projection to X (the zero of Hom(C/X)(W n+1 , K ⋊ X) for each 0 ≤ i ≤ n + 1. Here W n maps to X by ε
Again by the Dold-Kan equivalence, there is a path object E I
• for E • in sΘ-Alg/X with (4.14)
with d 0 the identity on the first copy of K ⋊ X in E I n , and minus the identity on the second copy. There are two obvious projections p 0 , p 1 : E
I
• → E • , and a homotopy between two maps f 0 , f 1 :
is canonically isomorphic to the n-th cohomotopy group of the cosimplicial abelian group Hom(C/X)(W • , K ⋊ X), as claimed.
Cohomology of operads and their algebras.
As noted in §1.3(b), our definition of sketchable categories covers both the category of operads, O-Alg, and that of algebras over a given operad P.
Of course, O is not a G-theory; however, essentially all known applications are to operads of (connected) topological spaces or of chain complexes (see [MSS] ). In the first case, we can use (4.6) to replace T * by G, so that in both cases we may assume, without loss of generality, that our operad takes value in sΘ-Alg for some G-theory Θ. Note that the category of O-algebras in sΘ-Alg is equivalent to sΘ-Alg, wherẽ Θ = O×Θ (product of FP-sketches) is now an G-theory (see §1.8). Thus the definition of §4.10 (applied toΘ) is valid for operads of spaces or chain complexes.
The same applies to algebras over a fixed operad P taking values in T * or Ch k for some field k (see [May2, §2] ), as well as to the cohomology of a k-linear category (that is, algebras over a k-linear PROP) considered in [Mar2] .
We should observe, however, that the various cohomology theories constructedin the context of deformation theory -in [Mar2] , in [MS1] (for Drinfel'd algebras), in [GS2] (for bialgebras), and so on, are defined in terms of a specific differential graded resolution. To show that these agree with our general definition requires a generalization of Quillen's equivalence between simplicial and differential graded Lie algebras over Q (see [Q2, I, §4] , and compare [DP, §3] ). One can expect such an equivalence only for suitable k-linear categories over a field k of characteristic 0.
4.16. Remark. We should point out that a different definition of (co)homology for Θ-algebras, based on the Baues-Wirsching and Hochschild-Mitchell cohomologies of categories (cf. [BW, Mit] ), is given by Jibladze and Pirashvili in [JP] . See [Sc2, Theorem 6.7] for an equivalent formulation in terms of the topological Hochschild (co)homology of suitable ring spectra. 4.17. Cohomology of sheaves. We have assumed so far that Θ was a G-theory. This is necessary for the approach described here at two points: in order to identify the (abelian) group objects in Θ-Alg (see Section 3), and to define the model category structure on sΘ-Alg (see §2.10(ii)). This is a resolution model category (induced by the adjoint pair (F Θ , U Θ ) of §1.7) only with some such additional assumption (cf. [B2] ): otherwise the free Θ-algebras are not necessarily cogroup objects.
One obvious example where this fails is the category of sets, where we apparently have no meaningful concept of cohomology. A more interesting case is the category of sheaves on a topological space X, sketched by Θ U (see §1.3). Note that there is no free/forgetful adjoint pair between Θ δ U -Alg and Θ U -Alg or Θ ab = A-Θ U ∼ = Θ U -Abgp, since sheaves of abelian groups rarely have any projectives (e.g., ZC U in §1.3 (c) is not generally a sheaf). However, they do have enough injectives, so if we replace left derived functors by right derived functors in §2.4, with E = Θ U -Alg, V = Set, and Φ = A, we may define H n (X; F ), for any F ∈ Φ-E, to be the right derived functors of Hom E (C X , −), applied to F . This also explains why our definition of homology does not make sense for sheaves.
Generalized cohomology
For simplicial Θ-algebras over a G-theory Θ -and thus for simplicial sets or topological spaces -the only strict abelian group objects are generalized EilenbergMac Lane objects (cf. [Moo, 19.6] ). Of course, in any model category D, any abelian group object G in ho D defines a functor [−, G] : ho D → Abgp; but such functors do not usually satisfy the axioms of a cohomology theory. From our point of view, this is because the structure maps on the higher products G k (k ≥ 3) which are needed to make G an G-or A-algebra in D are not uniquely defined.
One way to deal with this problem would be to require that G have an E ∞ -operad acting on it (cf. [May2, §14] ). If D = T * (or S * ), by a result of Boardman and Vogt, under mild topological restrictions any E ∞ H-space is homotopy equivalent to a strict abelian monoid in D (cf. [BV, Theorem 4 .58].
5.1. Γ-spaces. Homotopy-coherent abelian monoids may be conveniently described in terms of a lax version of A, representing Γ-spaces (cf. [Se2] ):
Let Γ denote the category of finite pointed sets, and choose a set n + = {0, . . . , n} (with basepoint 0) for each n ∈ N. A Γ-object in a pointed category C is a pointed functor G : Γ → C; the category of all such will be denoted by Γ-C. Note that if C is cocomplete, we can extend G to all of Set * by assuming it commutes with arbitrary colimits. A Γ-space G -that is, an object in Γ-
is a weak equivalence. This implies that for each n ∈ N, the obvious map
n is a weak equivalence. Such a G is called very special if in addition π 0 G(1 + ) is an abelian group under the induced monoid structure.
Definition.
A special Γ-space G has a classifying Γ-space BG, which is itself special, defined by setting (BG)(n + ) := G(n + ×n + ), with the diagonal structure maps (see [Se2, 1.3] and compare [Mil] ). By iterating the functor B we obtain a Ω-spectrum
itself is an infinite loop space (with a specified H-space structure) if and only if G is very special.
5.4. The Γ + -construction. For any pointed simplicial set K ∈ S * , Barratt defines the free simplicial monoid Γ + K to be n≥1 K n × Σn W Σ n / ∼, where ∼ is generated by the obvious inclusions K n ֒→ K n+1 and Σ n ֒→ Σ n+1 (cf. [Ba, §4] ). Then Γ + K is actually a Γ-space (see [A1, §8] ). To avoid confusion in the notation we shall denote this functor by γ + : S * → Γ-S * . The (dimensionwise) group completion γK := ΩBγ + K is a very special Γ-space, which models the infinite loop space [Ba, Theorem 6 .1]). Note that we can think of S := γS 0 as the inclusion functor Γ → S * (cf. [Ly, 2.7] ).
5.5. The model category of Γ-spaces. In [BF, §3] , Bousfield and Friedlander define a proper simplicial model category structure on Γ-S * as a diagram category with Σ naction on each G(n + ), which they call the strict model category: a map f :
is a Σ n -equivariant weak equivalence for each n ≥ 1, and it is a (co)fibration if it is a Σ n -Reedy (co)fibration (see [Hi, §15.3 
]).
They show that the homotopy category of very special Γ-spaces is equivalent to that of connective spectra (see [BF, Theorem 5 .1]), with Quillen equivalences provided by iterations of the functor B and its adjoint. They then define a stable weak equivalence of Γ-spaces to be a map inducing a weak equivalence of the corresponding spectra, and so obtain a new simplicial model category structure on Γ-S * (with the same cofibrations, but fewer fibrations), whose homotopy category is again equivalent to the usual stable category of connective spectra (see [BF, Theorem 5.8]) .
Variants on these two model category structures (with the same weak equivalences) are provided in [Sc1, App. A].
5.6. Γ-simplicial groups. In view of (4.6), it is natural to think of the category Γ-G of Γ-simplicial groups as representing connected infinite loop spaces; note that every special Γ-object here is trivially very special, because of the shift in indexing for homotopy groups.
A Γ-simplicial group G also known as a chain functor (cf. [A2, §1] ), since one can associate to it a generalized homology theory by setting H n (X; G) := π n (G • X) for each X ∈ S * , where the simplicial group G • X is defined by G n X := G(X n ) n . Here each G(X n ) ∈ G is defined as above by extending G from Γ to Set * , so that G • X is actually the diagonal of a bisimplicial group.
Equivalently, given a Γ-space G ∈ Γ-S * , extend it via colimits from Γ to Set * and thus via the diagonal to a functorG : S * → S * , which in fact takes a (pre)spectrum (X n ) n∈N to a (pre)spectrum (GX n ) n∈N using:
Thus for each X ∈ S * , one may evaluate the homology theory associated to G on X by:
where S := S n ∞ n=0 is the sphere spectrum. Note that if G is very special, thenG(S ∧ X) is the Ω-spectrum corresponding to Anderson's G • X (see [BF, §4] .
5.7. Generalized cohomology. We now explain how the definitions of §2.4 apply in this context: first, note that the usual model category structure on E = S * is symmetric monoidal and enriched over V = S * (cf. [Q1, II, §3] ). Now for Φ = Γ, Lydakis (in [Ly] ) defined a smash product of Γ-spaces making Φ-V = Γ-S * , too, into a symmetric monoidal category, with unit S. He also defines internal function complexes Hom Γ-S * (G, H) ∈ Γ-S * for G, H ∈ Γ-S * by setting:
where H(n + ∧−))(k + ) := H(n + ∧k + ) and map Γ-S * (−, −) ∈ S * is the usual simplicial function complex.
Thus Φ-E = Γ-S * is indeed enriched over Φ-V (cf. [Ly, 2.1] ). Moreover, Φ-V is semi-triangulated, with the delooping B : Γ-S * → Γ-S * ( §5.3) as the "suspension automorphism" T of §2.3. The deloopings of the 0-sphere {B n S} ∞ n=0 corepresent homotopy groups in ho Γ-S * , since its homotopy category is equivalent to that of connective spectra, with generator S (corresponding to S 0 ). Now for any Γ-space G ∈ Φ-E and any pointed simplicial set K ∈ E, Hom E (K, G) is a fibrant Γ-set ( §1.2), so the S * -function complex M := map * (K, G) is a Γ-space. If G is (very) special, so is M, since map * (K, −) has homotopy meaning and preserves products.
Moreover, applying Barratt's functor yields a special Γ-space γK, and the adjunction isomorphism:
induces an isomorphism between the homotopy groups of M and those of HomΦ-E(γK, G) (corepresented by S and its suspensions). Therefore, for special G the homotopy groups of M are determined by those of M(1 + ) = map * (K, G(1 + )), which are by definition H * (K; G), the generalized cohomology groups associated to the Ω-spectrum for G.
Generalized homology.
Barratt's functor γ : E → Φ-E is the required functor A Φ , by (5.9), so its left derived functors are π * γK (since every K is cofibrant). These turn out to be the stable homotopy groups of K, and are by definition the homology groups of K in this context.
Finally, since the smash product of (cofibrant) Γ-spaces is taken to the smash product of spectra under the equivalence of homotopy categories (see [Ly, Lemma 5.16 ]), we see that the groups H * (K; G) of §2.5 are just the generalized homology groups associated to the Ω-spectrum for G.
The (co)simplicial version.
We next show how these definitions can be made to fit the description in §2.12: First, note that sS, as well as sT * and sG (cf. §4.5), have resolution model category structures with M = {S 1 } -this is the original E 2 -model category of [DKS, §5.10] , which was constructed precisely so that if V • is a resolution of X ∈ S, then the diagional diag V • (or equivalently, the realization of the corresponding simplicial space) is weakly equivalent to X. Moreover, S, as well as T * and G, are enriched over V := S with its usual closed symmetric monoidal structure.
We also need a suitable model category structure on the category cΓ-S * of cosimplicial Γ-spaces -namely, the dual of Moerdijk's model category of bisimplicial sets (cf. [Moe, §1] ), in which a map f : X
• → Y • of cosimplicial Γ-spaces is a weak equivalence (resp., cofibration) if Tot f is a weak equivalence (resp., cofibration) of Γ-spaces. This implies that Tot : cΓ-S * → Γ-S * induces an equivalence of homotopy categories, so for all practical purposes we can avoid working with cosimplicial objects altogether (but see Theorem 6.18 below). The inverse equivalence cΓ-S * → cΓ-S * is defined by Φ → c(Φ)
• (the constant cosimplicial object). Thus ho(cΓ-S * ) (with this structure) is equivalent to the stable category of connective spectra, which is semi-triangulated, with c(B)
• • Tot : cΓ-S * → cΓ-S * ( §5.3) as the suspension automorphism T , and c(S)
• as generator. Now, given a special Γ-space G ∈ Γ-S * and a free simplicial resolution V • → X in the original resolution model category sS, for any simplicial set Y -in particular, for Y = G(1 + ) -we have:
(see [BK, XII, §4.3] ). Thus in our case the cosimplicial Γ-space map * (V • , G) is weakly equivalent to the (constant cosimplicial) space c(map * (X, G(1 + )))
• , whose homotopy groups are H * (K, G) ( §5.7). Finally, note that Barratt's functors γ + and γ are defined dimensionwise on a simplicial set K, so that diag γV • = γ diag V • for any bisimplicial set V • . Thus we may define A Φ : E → Φ-E to be γ, and its total left derived functor is naturally equivalent to γ (in Moerdijk's model category sS * ), since diag V • ≃ − → K for any free simplicial resolution V • → K. Thus again the (unadorned) homology groups are the stable homotopy groups of K, and H * (K; G) are the generalized homology groups associated to the Ω-spectrum for G.
The spectral sequences
We now want to use this machinery to try to understand relationships among the various homology and cohomology theories. First, we shall need a preliminary notion:
op is a G-theory, which sketches the category C-Π-Alg of C-Π-algebras (cf. [BS, §3] ).
6.2. Remark. If we think of M and its suspensions as corepresenting homotopy groups in C (cf. §4.9), then C-Π-algebras are graded groups equipped with an action of the corresponding primary homotopy operations -the motivating example being π M, * X for any X ∈ sC. This notion may be extended to any concrete category C by the conventions of [BS, §3.2.2] , and may also be dualized as in [Bou] by taking C-Π := ho Π M , rather than the opposite category (cf. [BP, §1.13]) .
Note that the derived functors of any functor into C actually take values in C-Π-Alg.
Examples.
(a) If C has a trivial model category structure, and M consists of (enough) projective generators -e.g., if C = Θ-Alg and
(b) If C = sD or cD for some abelian category D, and M again consists of (enough) projective generators -e.g., for C = sΘ X and M as abovethen C-Π-Alg ∼ = gr N D (where we use lower or upper indices for the grading according to the usual convention). (c) For C = T * or S * , with M = {S 1 }, then C-Π-Alg ∼ = Π-Alg is the category of ordinary Π-algebras, modeling the usual homotopy groups of topological spaces. (d) If C = Γ-S * and M = {S}, then C-Π-Alg is equivalent to the category of graded connected π-modules for π = π S * S 0 (homotopy groups of the sphere spectrum), since π M, * G are just the stable homotopy groups of the Ω-spectrum corresponding to G ∈ Γ-S * . Using the Quillen equivalence of (4.6), we see that when C = sΘ-Alg we often have interesting categories of C-Π-algebras (see, e.g., [BS, §3.2 
.1]).
We shall also need the following version of [BS, Prop. 3.2.3]: 6.4. Proposition. Any contravariant functor T : C → cB from a model category C (equipped with a set of models M) to a concrete category B induces a graded functor
, and extending by taking 0-th derived functor.
* is well-defined on free C-Π-algebras.
A general setting.
In Sections 3-5 the algebraic and topological versions of homology and cohomology have been treated separately. We now show how the Procrustean framework of §2.12 may be used in order to obtain a uniform description of various relations between them. 6.6. Examples. We wish to concentrate on the following list of cohomological settings (Definition 2.13), discussed above:
In all these examples we have additional properties which we shall require in our applications, which we may formalize as follows: 6.7. Definition. A cohomological setting C, M, V, Φ, A Φ is complete if if it is equipped with:
(1) A left adjoint diag : sC → C to the inclusion c(−) • : C → sC, which induces diag : sΦ-C → Φ-C, as well as a convergent first-quadrant spectral sequence with:
for each V • ∈ sC and M ∈ M;
(2) A right adjoint Tot : cV → V to the inclusion c(−)
• : V → cV, which induces Tot : cΦ-V → Φ-V, as well as a second-quadrant spectral sequence with: (6.9) E s,t 2
for each X • ∈ cV and M ′ ∈ M Φ (we do not address questions of convergence); (3) A natural "Φ-C-adjointness" isomorphism: (6.10) Tot(Hom(V • , G)
for any V • ∈ sΦ-C and G ∈ Φ-C.
6.11. Proposition. Each of the examples of §6.6 is a complete cohomological setting.
Proof. Since (a) and (b) are instances of (c), we have only two cases to consider:
(1) Assume C = sΘ-Alg/X for some G-theory Θ sorted by S. Then V • ∈ sC is a bisimplicial Θ-algebra (over X), and let diag V • be the usual diagonal (with (diag V • ) n := (V n ) n ). Note that U Θ V • is just an an S-graded bisimplicial set, with U Θ diag V • = diag U Θ V • (even though colimits are not generally preserved by U Θ ). By Remark 4.9 we see that the Bousfield-Friedlander spectral sequence for U Θ V • in each degree (cf. [BF, Theorem B.5] ) has the form (6.8).
Similarly, given a cosimplicial object X • ∈ c(sΦ-Θ-Alg/X), the usual Tot for the (S-graded) cosimplicial simplicial set U Θ X
• is defined to be the simplicial set T • with T n := Hom cSet (∆ • ⊗ ∆[n], X • ), and this has a natural structure of a Φ-algebra in Θ-Alg/X by Remarks 1.2 and 2.11 and §1.8. Thus Tot U Θ X
• lifts to Tot X
• ∈ sΘ-Alg. The homotopy spectral sequence for the cosimplicial space U Θ X • , with: E
(see [BK, X, 6.1 & 7 .2]) gives (6.9) (though it does not necessarily converge!). Finally, (6.10) follows from (5.12).
(2) For C = S * we can use the usual diagonal and Tot and the original spectral sequences for (co)simplicial spaces. For (6.10), consider the cosimplicial Γ-space E • := Hom Γ-S * (V • , G): Definition (5.8) of Hom Γ-S * in terms of the simplicial function complex map Γ-S * shows that Tot E
• ∼ = Hom Γ-S * (diag V • , G) again, by (5.12).
With this at hand, we can describe several spectral sequences connecting the various functors we have defined so far. First, a universal coefficients theorem for cohomology: 6.12. Theorem. Let C, M, V, Φ, A Φ be a complete cohomological setting, and let G be a Φ-algebra in C. Then for any Y ∈ C there is a natural cohomological spectral sequence with E Proof. Let Z → Y be a cofibrant replacement in C, and assume G is fibrant. We use M Φ := {A Φ M} M ∈M as models in Φ-C ( §2.12), with T n as the suspension ( §2.1), to define the resolution model category structure on sΦ-C. As in the proof of [BS, Theorem 4 .2], let V • → A Φ Z be a free simplicial resolution in sΦ-C, so that by (6.8) the natural map diag V • → A Φ Z is a weak equivalence.
If we set E
• := Hom(V • , G) (a cosimplicial Φ-algebra in C), then by (6.10) and (2.14): 
as claimed.
Note that for generalized cohomology of spaces this takes the familar form (cf. [Ad] and [EKMM, IV, §4] ): 6.13. Corollary. For any special G ∈ Γ-S * and K ∈ S * there is a second quadrant spectral sequence with:
There is also a version for homology:
6.14. Proposition. Let C, M, V, Φ, A Φ be a complete cohomological setting, and let G be a Φ-algebra in C. Then for any Y ∈ C there is a natural first quadrant spectral sequence with Proof. Similar to the proof of Theorem 6.12, except that here we start with a free simplicial resolution V • → Y in sC, and note that in this case π M, * V • → π M, * Y is a free simplicial resolution in the category sC-Π-Alg.
In [Se1, Prop. 5 .1], Segal produced a stable version of this spectral sequence for any generalized homology theory k * (converging strongly to k * X if k * is connective). Note that Schwede, in [Sc2, §5.5] , also defined a spectral sequence relating the stable homotopy of a Θ-algebra to Quillen homology.
